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Basic functions  and their corresponding natural frequencies  determined by solving the boundary 
value problem (1).  

, , ,             (1) 

Note due to the circular symmetry of the structure under consideration, the equations could be 
represented as products of trigonometric functions  on functions depending on  and . Here  is 
wave number, or the number of nodal diameters. For a rigid cylindrical shell of radius R with fill level 
Н , Fig. 1, own functions  and natural oscillation frequencies χk there have been got by the formulas 
[1-3] 

,  ,            (2) 

where  are Bessel functions of the first kind, are roots of the equation . 
Furthermore, there have been considered the boundary value problems for each wave number 
separately. At the same time, it has been had the following orthogonality relations 

. 

Values of the equations roots  have been presented in Table 1 with different m.  
Table 1. Characteristic numbers 

From the data in the table, there could be seen the lowest frequencies will correspond to the first 
harmonic, m=1. 
Determination of natural forms of the bottom vibrations  
Basic functions  and their corresponding natural frequencies  determined by solving such a spectral 
problem 
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k m=0 m=1 m=2 m=3

1 3.831705970 1.841183781 3.054236928 4.201188941

2 7.015586670 5.331442775 6.706133195 8.015236600

3 10.17346814 8.536316365 9.969467825 11.34592431

4 13.32369194 11.70600490 13.17037086 14.58584829

5 16.47063005 14.86358863 16.34752232 17.78874787

6 19.61585851 18.01552786 19.51291278 20.97247694
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,     (3) 

.    (4) 

Since equation (28) allows solutions in the form 
, 

then in view of the equations (3), (4) there have been concluded the equation (3) allows reduction by 
.  

First, it has been considered the case of axially symmetric oscillations, that is, let's assume that m=0. 
Let's introduce the following notation 

. 

Equation (3) takes the form  and could be depicted as a system 

,     (5) 

.     (6) 

The solutions of equation (5) are Bessel functions of the first and second kind of zero order  and 
, and the solutions of equation (6) are modified Bessel functions of the first and second kind of 

zero order  and . Thus, the general solution of equation (3) has the form 
, 

where  are constants. 
Since at  functions  and  grow endlessly, it has been assumed that , 
to avoid non-physical movements. Then to avoid non-physical movements  it has been used the 
boundary conditions for fixing the plate along the contour. In the case of rigid fixation, there have 
been obtained the following boundary conditions 

. 

Thus 

    (7) 

In order for the system (7) to have a nonzero solution, it is necessary that the determinant of this 
system is equal to zero. Therefore, there have been got the characteristic equation for finding the 
unknown quantity α  

  (8) 

It has been marked . Table 2 shows the values of the first 6 roots of equation (8) at m=0.  
Table 2. Values of the roots of the characteristic equation (8) and constants  

The ratio between constants a and c in the equation for w for every k have been got from equality 
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. 

Thus, the dependences of the forms of natural oscillations of a round plate on r have been obtained in 
the form 

.    (9) 

Figure 1 shows the functions defined by formula (9) at  for different k depending on r at m=0. 

 
Figure 1 Dependence of the forms of oscillations on the radial coordinate 

The numbers 1-6 here indicate the forms corresponding to the values λk = αk, which have been given in 
table 1. By checking the orthogonality of the forms of natural oscillations,  it has been 
established, that , where are the constants values  have been listed in Table 1. 
Using the obtained orthogonality conditions and expressions (2) for the functions  and (9) for 
functions  at z = −H it has been got the value of the scalar products  in the first of the 
equations [4-8]. 

Table 3. Value of scalar products  

From the data in Table 3, it could be concluded the largest contribution is given by the scalar products 
at k,l=1,2,3. 
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